The two-dimensional steady laminar flow of a viscous incompressible fluid in porous disks due to uniform suction or injection through uniformly porous walls has been investigated. The governing partial differential equations have been reduced to a nonlinear ordinary differential equation which is one-parameter family of equation and has been solved using a long series (computer extended series solution) with polynomial coefficient. The solutions when they exist are the exact solutions of the Navier -Stoke equations. The long series involves recasting the series into a rational form. The skin friction(shear stress at wall), presence of boundary layer for large suction and center line velocity for large injection Reynolds number are obtained, and are compared with DNS of the problem. The physical mechanisms underlying these findings are explored. The present analysis enables to go beyond the earlier findings for moderate values of the Reynolds number
Introduction
The study of fluid flows and mass transfer problems have attracted researchers in recent year due to the variety of applications in engineering applications such as geophysical sciences, ground water energy storage, chemical reactors etc. When the porous materials like sintered bronze or metal sheet are used and potential flow away from the sheet, the fluid will be sucked/injected through the boundary. The appropriate boundary conditions for the normal component of the relative fluid velocity should be equal to the value of porosity that is given by suction and injection. In this case, the boundary layer is formed on the sheet due to high Reynolds number flow. The effect of porous boundaries on steady incompressible laminar boundary layer flow over disks has been studied by numerous investigators Berman (1953) ; Proudman (1960); Terril (1965) . The full Navier-Stokes equations, under high Reynolds number, have been converted to a set of nonlinear
The viscous boundary layer flow between two rotating porous disks has been studied by Wang (1975) , and problem has been solved by homotopy analysis method. Krieth and Viviand (1967) considered the laminar source flow between two parallel coaxial disks rotating with different speeds, and governing equation is solved by double series about a known solution at a large radius.
This paper aims to investigate viscous flow between two parallel stationary disks in which both disks are porous. The governing equation has been solved using computer extended (long) series analysis. This method involves generation of large number of co-efficients in the perturbation technique. Padé approximants are used to go beyond singularity for the analytical continuation. Bujurke et al (1998 Bujurke et al ( ), (1995 have successfully used this technique to analysis the laminar flow through parallel and uniform porous channel with non-uniform suction or injection and lubrication long porous slider. In this paper, we have the viscous flow between two porous disks for moderate values of Reynolds number.
Presentation of the paper proceeds as follows. Governing equation along with boundary conditions and reduction to a nonlinear ordinary differential equation is given in section 2. Method of solution using long series analysis and improvement of series is given in section 3. Section 4 devotes to summarize major findings of the analysis.
Formulation of the Problem
Schematic diagram of the flow configuration is given in figure 1. We consider a steady viscous flow between two parallel disks. These stationary porous disks are located at = − and = planes, and their centres coincide with the axis = 0. Let and be the velocity components along r and -directions. The Navier-Stokes equations for steady viscous incompressible flow are given by V. S. Madalli, Shashi Prabha Gogate S, and Ramesh B. Kudenatti / Journal of Advance Computing (2016) Vol. 5 No. 1 pp. 29-39 31 where is density, is the pressure and the kinematic viscosity of fluid. The radial velocity is zero on the disks and the axial velocity is prescribed on the disks. The relevant boundary conditions are
(4) where 1 and 2 are constants. The radius of the disks 0 is very large than , and the axial velocity depends only on . This makes us to define new dependent variable as
Substituting and from (5) and (6) in (2) and integrating it, we get
where ( ) is an integration constant. From equation (1), we get
wherê is an appropriate constant in the above equation. The boundary conditions (4) reduce to
where is the maximum of 1 and 2 , in (8) and (9), we get
is a constant and = is the Reynolds number of the flow. In order to simplify the analysis let us consider the symmetric case in which the inflow and outflow at the disks are equal. Differentiating equation (10) once, we get Madalli, Shashi Prabha Gogate S, and Ramesh B. Kudenatti / Journal of Advance Computing (2016) Vol. 5 No. 1 pp. 29-39 32 and the boundary conditions (11) reduce to
The condition ′′ (0) = 0 is prescribed by the fact that the radial velocity is symmetric about = 0. The equation (12) and boundary conditions (13) cannot describe the flow near edges of the disks. A similarity solution is obtained in the study of boundary layer. Thus the problem is solved using equation (12) with boundary conditions (13).
Method of Solution
The value of the Reynolds number plays a vital role in the solution of equation (12). For smaller values of , in accordance with boundary layer assumption, the boundary layer will not form. When is large the boundary layer is formed. Therefore it is advisable to seek the solution of (12) in the form of power series of in the form
Substituting (14) into (12) and equating the coefficients of like powers of on both sides, we get
The zeroth-order boundary conditions take the form
and for an ℎ order, the boundary conditions are given by 
Computer extended series solution
The remaining solutions of equations (15) can be obtained from (14) . But the algebra becomes more complicated and the process is not adequate. Moreover the series (15) appears to be slowly converging one. To get more details about the nature of solutions one has to go for the higher approximations. A systematic series with polynomial coefficients is presented which is quite useful in higher approximations. Making use of polynomial solutions (18) and boundary conditions (16) and (17), a more general form of ( ) is suggested as
Substituting (19) into (15) and equating coefficients of various power of on both sides, the recurrence relation is obtained for generating ( , 2 − 1) in the following form
(20) for = 0,1, 2, … … .2 − 1. Note that in the above series, we have that
and other coefficients in the series are given by 1  2  2  1  2  8  3  2  2  2  1  2  2  1  2  2  2  3  2  2  )  ,  (   2  2  2  2  2  2  2  2  2  2  1 
The skin-friction relation at the wall is represented by the series 
Analysis and improvement of series
The expressions for ′( ) and ′′ (1) 
The coefficients of the series (24) and (25) are decreasing in magnitude and display irregular sign pattern. In case of more complicated sign pattern, the nearest singularities are located by forming Padéapproximants (Baker 1975) . The Padéapproximants are a rational fraction with numerator of degree and denominator of degree and constant term 1. A Padé approximate patterns an analytic continuation as and increases. 
Results and Discussion
In this paper, the steady laminar flow of an incompressible viscous fluid in porous stationary disks has been studied using long series analysis. These long series solutions correspond to exact solution of the Navier-stokes equations for various values of the Reynolds number. The validity and efficiency of the long series is tested for various values of the Reynolds number, and compared with earlier findings of Elkouh (1969) wherein these numerical results are valid up to = |3|. However in our present analysis, the long series could go up to = |20|. Table 1 compares the results for the skin friction ′′(1) obtained by the long series (22) with that of results of Elkouh (1969) and DNS of the problem for various of values of . Results are rather remarkable. Note that the long series provides the uniformly valid expression (22) for obtaining a skin friction value for moderate values of R.
The variation of the axial velocity profile ′( ) with axial distance is plotted in figure 2 for different values of the suction Reynolds number . These profiles show that the flow is symmetric at = 0. It is observed that for smaller values of = (1.1, 3.0), the boundary layer is not formed. Nonetheless, as is increased further formation of the boundary layer starts on the disks, and thickness of boundary layer decreases. Also the effect of increasing Reynolds number is to decrease the occurrence of maximum boundary layer thickness at = 0, showing the viscous effects are confined to a very thin region on the disks surface. Solution (23) has been used to plot the axial velocity profile and Padé approximants have been adopted in summing the series.
On the other hand, the axial velocity profiles are plotted in figure 3 using the same solution (23) for injection Reynolds number ( ≤ 0). These profiles show, in contrast to suction Reynolds number, boundary layer thickness is small. The determination of high Reynolds number flow goes on increasing with . These findings are consistent with those obtained by Rasmussen (1970) in which solutions are valid up to = −20.4. Figure 4 displays the variation of centre line velocity with injection Reynolds number. It is clear that ′(0) increases for increasing . This is supported by the present findings.
Direct numerical solutions of the system (12-13) for various values of the suction (injection) Reynolds number are given in figure 5 (figure 6 ). The system is solved using the standard shooting method in conjunction with Runge-Kutta fourth order method. The code adopts a variable step size to ensure the desired accuracy that was set to 10 −6 in our computations. The velocity profiles are in good agreement with results obtained by the long series analysis.
The present long series restricts the analysis for obtaining the skin friction and the velocity profiles for larger values of the Reynolds number because of complicated algebra and also appearance of random sign pattern in the series (22) and (23). This hampers the identification and location of singularities in the series. Therefore, we are able to present the results for moderate values of Reynolds number by recasting the series into Padé approximants. 
